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Hodgkin Huxley Model

Instructor: Mark Kramer 



Modeling the voltage: biophysics

Goal: Model this,

2

In our single-cell models, axonal and somatodendritic gNa use the
same kinetics, and axonal spike initiation is realized by an increased
gNa density in the axons (Mainen et al. 1995). It may be, however,
that—as postulated in the historic model of Dodge and Cooley
(1973)—axonal gNa has a lower threshold than that of somatodendritic
gNa, at least in layer 5 pyramidal neurons (Colbert and Pan 2002), an
effect we did not simulate.

Other sources of kinetic data

A-current and h-current kinetics were based on data in Hugue-
nard and McCormick (1992). The K2 current followed Huguenard
and McCormick (1992) and McCormick and Huguenard (1992),
with some simplifications: only the faster component of inactiva-
tion was used, and the activation variable m was first order.

High-threshold calcium conductance kinetics came from Kay and
Wong (1987). Persistent gNa had rapid activation kinetics, but a
lower activation threshold, than did transient gNa (Kay et al. 1998);
it did not inactivate.

Some electrotonic parameters

Soma/dendritic membrane resistivity was 50,000 !-cm2 for
cortical glutamatergic cells; 25,000 !-cm2 for cortical GABAergic
cells; 26,400 !-cm2 for TCR cells; and 20,000 !-cm2 for nRT
cells. Soma/dendritic internal resistivity was 250 !-cm for cortical
glutamatergic cells; 200 !-cm for cortical GABAergic cells and
nRT cells; and 175 !-cm for TCR cells. Membrane capacitance
density was 0.9 !F/cm2 for all glutamatergic cells and 1.0 !F/cm2

for all GABAergic cells. Axonal membrane and internal resistivi-
ties were smaller than for soma/dendrites: 1,000 !-cm2 and 100
!-cm, respectively.

Reversal potentials

VNa was "50 mV for all cell types. VCa was "125 mV for all
types. VL (the reversal potential for the leak conductance) was #65
mV for FS and LTS interneurons, and for spiny stellates; it was #75
mV for nRT cells; it was #70 mV for cortical pyramids and TCR
neurons. VAR (the reversal potential for the anomalous rectifier, or h
conductance) was #40 mV for all GABAergic cells and spiny
stellates; it was #35 mV for cortical pyramids and TCR cells. VK was
#100 mV for GABAergic neurons and for spiny stellates; it was #95
mV for cortical pyramids and TCR cells.

FIG. A1. RS and FRB firing behaviors in model layer 2/3 pyramidal
neurons, in layer 2/3 putative pyramidal cells in rat auditory cortex in vitro,
and in neurons in rat somatosensory cortex in vivo. Cells were injected
with somatic depolarizing currents (0.4 and 0.75 nA for model, 0.5 nA for
in vitro experiment). Model and in vitro data from Cunningham et al.
(2004). In vivo RS cell was from layer 6, and the in vivo FRB cell from
layer 4.

FIG. A2. FS and LTS firing behaviors in model neurons (0.4 nA
depolarizing current pulses to somata), in neurons in layer 2/3 rat auditory
cortex in vitro (0.5 nA current pulses), and in neurons from rat somato-
sensory cortex in vivo. Model and in vitro data from Cunningham et al.
(2004). In vivo FS cell was from layer 5 and the in vivo LTS cell was from
the layer 4/layer 5 border.

FIG. A3. Firing behavior of model spiny stellate cell in response to
depolarizing current pulses, illustrating regular spiking (RS) behavior.
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Consider the general expression:

dV/dt = f (V, current inputs, time, ...) 

We need to choose f ...

What else?

“spikes”

biophysics. 



Modeling the voltage: biophysics

So far: an equivalent circuit capturing some aspects of biophysics:

capacitor resistor

Input current: IRC-circuit

Q: What doesn’t this model do? A: It does not spike on it’s own.

Now, add more biophysics to increase realism ... and complexity.

(impermeable 
cell membrane)

(channel)



Modeling the voltage: biophysics

Fact:  some ion channels open and close in time.

Note:  gates are actually proteins that support different confirmations. 

Our goal: capture the “essence” of behavior, what produces an AP.

model the gate dynamics with differential equations ...

“gate”:  open / close in time

inside

outside

+ion can pass through channel

Update



Modeling the voltage: biophysics

Fact:  some ion channels open and close in time.

high conductance 
gate “open” 
ions flow through

Ex.

Ex.

low conductance 
gate “closed” 
ions flow blocked

Model the dynamics of this gate ...



Modeling the voltage: sodium

Fact:  channels are ion specific.

Fact: [Na+]out >> [Na+]in

So, if the gate is open ... 

Sodium (Na+ ) specific ion channel:

Na+
inside

outside

Q:  Impact on neuron’s voltage?

concentration gradient pulls Na+ into cell.

only Na+ may pass.



Modeling the voltage: sodium

Q:  What could prevent Na+ flow into neuron?

A:  Adjust interior voltage .... 

Fact:  positive ions flee high voltages.

at Vin = + 60 mV “Nernst potential”

concentration

voltage

balance the force of concentration gradient and voltage gradient.

Na+

inside

outside

make interior voltage very positive.



Modeling the voltage: sodium

Model Na+ specific ion channel as an equivalent circuit:

INa

Vin = V

RNaresistor

battery

Vout = 0 mV

high voltage side

low voltage side
voltage across battery

V = I R

0 mV = 

 VNa =

V - VNa = INa RNa

Ohm’s law:

INa  = gNa (V - VNa)or 
“conductance”

represents sodium channel

= Nernst potential 
= + 60 mV 
= VNa



Modeling the voltage: sodium

Implications:

INa

V

0 mV

RNa

VNa

INa  = gNa (V - VNa)

When V = VNa,

the cell interior is ... very positive (+60 mV,  note “rest” -70 mV)

INa = 0 no net current flow through the channel

concentration gradient and voltage gradient ... balance



Modeling the voltage: potassium

Fact:  channels are ion specific

Fact: [K+]out << [K+]in

So, if the gate is open ... 

Potassium (K+ ) specific ion channel:

K+Na+

Q:  Impact on neuron’s voltage?

inside

outside

concentration gradient pushes K+ out of cell.

only K+ may pass.



Modeling the voltage: potassium

Q:  What could prevent K+ flow out of the neuron?

A:  Make interior voltage very ... 

concentration

Fact:  positive ions approach lower voltages.

at Vin = -77 mV “Nernst potential”

voltage

balance the force of concentration gradient and voltage gradient.

Na+

inside

outside

negative



Modeling the voltage: potassium

Model K+ specific ion channel as an equivalent circuit:

IK

Vin = V

RKresistor

battery

Vout = 0 mV

high voltage side

low voltage side voltage across battery

V = I R

0 mV = 

 VK  =

V - VK = IK RK

Ohm’s law:

IK  = gK (V - VK)or 
“conductance”

represents potassium channel

= Nernst potential 
= - 77 mV 
= VK



Modeling the voltage: leak

We’ll include one additional channel:  “leak” - represents other ions

Model in the same way as Na+ and K+ :

IL

Vin = V

RLresistor

battery

Vout = 0 mV

high voltage side
low voltage side voltage across battery

IL  = gL (V - VL)

represents leak channel

0 mV = 
 VL  =

= Nernst potential 
= - 54 mV 
= VL



Modeling the voltage: currents

Our (modified) model has three currents:
inside

outside

INa  = gNa (V - VNa) IK  = gK (V - VK)IL  = gL (V - VL)

+60 mV - 54 mV -77 mV

Na+

sodium current:

“leak”

leak current:

K+

potassium current:

To generate a spike, we need more biology ...

Idea: let the Na+ and K+ conductances vary in time.



Modeling the voltage: K+ variable conductances

Idea:  conductances change, channels open/close in time.

Update our models of the conductance

IK  = gK (V - VK)

probability channel is open

actually, we’ll use: 

Replace with:  gK = gK * p

 gK = gK * n4

maximal conductance (constant)

0 < n < 1
potassium “gating variable”

n = probability that each (of 4) gate is open



Modeling the voltage: K+ variable conductances
Q: Why n4 ?

A: Visualize the potassium channel as consisting of 4 gates:
K+

channel conductance ~ (probability 1st gate open) 
         * (probability 2nd gate open)  
         * (probability 3rd gate open) 
         * (probability 4th gate open) 

A: That’s what fits the data! [Hodgkin & Huxley, 1952]

Examples:

For channel to be open, we need all 4 gates open ... 

   n 
* n 
* n 
* n

n4



Modeling the voltage: K+ variable conductances
Let’s model the dynamics of the gating variable n.

closed gates  (1-n) 

Consider the reaction equation:

open gates  (n) 

Motivates the differential equation:

dn/dt = (1-n)αn

or 

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)

• channels IK =

INa =

IL =

combine:

C
dV

dt
= Iinput(t)� ḡKn

4(V � VK)� ḡNam
3h(V � VNa)� ḡL(V � VL)

dn

dt
= �n� n⇤(V )

�n(V )
dm

dt
= �m�m⇤(V )

�m(V )
dh

dt
= �h� h⇤(V )

�h(V )

looks intimidating, but each piece now makes sense...
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= steady state value
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= time constant

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)

• channels IK =

INa =

IL =

combine:

C
dV

dt
= Iinput(t)� ḡKn
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αn

rate of transition:  closed to openαn

βn

rate of transition:  open to closedβn

- nβn



Modeling the voltage: K+ variable conductances

Consider the differential equation,

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)

• channels IK =

INa =

IL =

combine:

C
dV
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4(V � VK)� ḡNam
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dn

dt
= �n� n⇤(V )

�n(V )
dm
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dh

dt
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�h(V )
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Q:  Where does n go?

A:  n →



Modeling the voltage: K+ variable conductances

Consider the differential equation,

 looks simple, but ... 

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)

• channels IK =

INa =

IL =

combine:

C
dV

dt
= Iinput(t)� ḡKn
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1-page summary of the HH model:
The Hodgkin-Huxley model of a neuron consists of a system of four coupled first-order di�erential equations.
The four dependent variables are (V , n, m, h); these are, in order, the membrane potential, a gating variable
for the potassium channel, and two gating variables for the sodium channel. Set V = 0 outside the cell
(though Hodgkin and Huxley adopted a di�erent voltage convention) and the di�erential equations take the
form:

C
dV

dt
= Iinput(t)� ḡKn

4(V � VK)� ḡNam
3h(V � VNa)� ḡL(V � VL) (1)

dn

dt
= �n� n1(V )

⌧n(V )
(2)

dm

dt
= �m�m1(V )

⌧m(V )
(3)

dh

dt
= �h� h1(V )

⌧h(V )
, (4)

where the externally applied current Iinput(t) is a prescribed function. Typical values of the parameters are:

Nernst potentials: VK = �77mV , VNa = +60mV , VL = �54.4mV

maximum conductances: ḡK = 36µmho , ḡNa = 120µmho , ḡL = 0.3µmho ,

and C = 1 nF (based on a neuron with 0.1mm2 area). The nonlinear functions µ1(V ), ⌧µ(V ) — where
µ = n,m, h — are plotted in Figure 1, and are based on experimental measurements. Often, the di�erential
equations (2)–(4) for the gating variables are written instead in the form:

dµ

dt
= ↵µ(V )

�
1� µ

�
� �µ(V )µ whereµ = n,m, h .

The V -dependent functions are related by:

µ1(V ) =
↵µ(V )

↵µ(V ) + �µ(V )
, ⌧µ(V ) =

1

↵µ(V ) + �µ(V )
for µ = n,m, h .

A typical choice of the ↵µ(V ) and �µ(V ) functions, again based on fitting data, is:

↵n(V ) =
0.1� 0.01(V + 65)

e1�0.1(V+65) � 1
↵m(V ) =

2.5� 0.1(V + 65)

e2.5�0.1(V+65) � 1
↵h(V ) = 0.07e(�V�65)/20

�n(V ) = 0.125e(�V�65)/80 �m(V ) = 4e(�V�65)/18 �h(V ) =
1

e3�0.1(V+65) + 1

where ↵µ and �µ are measured in ms�1, and V in mV. Note that one must always be careful to use ↵µ(V )
and �µ(V ) functions that are consistent with the voltage convention.

−100 mV 0mV +40 mV

0

0.5

1

n
∞
(V)

m
∞
(V)

h
∞
(V)

−100 mV 0mV +40 mV

0

10 ms

τn(V)
τm(V)

τh(V)

Figure 1: Plots of the functions µ�(V ) and ⇥µ, where µ = n,m, h.
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Terrible!
Q: Why?
A:  It’s biology.

there’s voltage dependence.
Q:  What are these functions?

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)

• channels IK =

INa =

IL =

combine:

C
dV

dt
= Iinput(t)� ḡKn

4(V � VK)� ḡNam
3h(V � VNa)� ḡL(V � VL)

dn

dt
= �n� n⇤(V )

�n(V )
dm

dt
= �m�m⇤(V )

�m(V )
dh

dt
= �h� h⇤(V )

�h(V )

looks intimidating, but each piece now makes sense...
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and are functions of and αnA:  Note βn



Modeling the voltage: K+ variable conductances
Visualize the potassium steady state function & time constant:

K⇥ ‘delayed rectifier’ potassium current

• includes four activating gates (cartoon picture):

• gK = ḡK p

• p = where n =

= probability of each gate being open (0 ⌅ n ⌅ 1)

What is the di�erential equation that determines n(t)?

• rate equation: closed gates (1� n) ⌦ open gates (n)

• the rates �n and ⇥n depend on V (hence ‘voltage-gated’)

for example, �n(V ) =
0.1� 0.01(V + 65)

e1�0.1(V+65) � 1
, ⇥n(V ) = 0.125e(�V�65)/80

• rewrite in a more familiar format:

−100 mV 0mV +40 mV

0

0.5

1

n
∞
(V)

−100 mV 0mV +40 mV

0

10 ms

τn(V)

n⇥[V ] is the steady state value for K, ⇤n[V ] is the time constant for K.

comments:

• don’t dwell on the complicated equations - think of it as data fitting

• qualitatively, n⇥(V ) is sigmoidal and ⇤n(V ) is bell-shaped

• ‘activating’ gate because
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n 

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)
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INa =
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dt
= �h� h⇤(V )

�h(V )

looks intimidating, but each piece now makes sense...
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~ 1 potassium channels are ...
K+ flows ... 
voltage ...
potassium channels ... 

So, when neuron is depolarized ...

open
out
decreases

close



Modeling the voltage: Na+ variable conductances

In the same way, create a variable sodium conductance ...

INa  = gNa (V - VNa)

 gNa = gNa * m3 h

m = sodium activation gating variable
h = sodium inactivation gating variable

Gate dynamics:

§III(d) The HH model
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where the steady state and time constants are functions of V ...

maximal conductance (constant)



Modeling the voltage: Na+ gating variables

Na� ‘fast transient’ sodium current

• includes three activating gates, one inactivating gate (cartoon picture):

• gNa = ḡNa p

• p = where m = activating gating variable

h = inactivating gating variable

• di�erential equations for m(t) and h(t) are decay-type:

steady state values for Na time constants for Na.

−100 mV 0mV +40 mV

0

0.5

1 m
∞
(V)

h
∞
(V)

−100 mV 0mV +40 mV

0

10 ms

τm(V)

τh(V)

comments:

• m is activating because m⇥ ⇤ 0 at small V

m⇥ ⇤ 1 at large V

• h is inactivating because h⇥ ⇤ 1 at small V

h⇥ ⇤ 0 at large V

• again, much of the details is just data fitting

m⇥(V ) =
�m(V )

�m(V ) + ⇥m(V )
, ⇤m(V ) =

1

�m(V ) + ⇥m(V )

�m(V ) = 2.5�0.1(V+65)
e2.5�0.1(V +65)�1

, ⇥m(V ) = 4e(�V�65)/18

h⇥(V ) =
�h(V )

�h(V ) + ⇥h(V )
, ⇤h(V ) =

1

�h(V ) + ⇥h(V )

�h(V ) = 0.07e(�V�65)/20 , ⇥h(V ) = 1
e3�0.1(V +65)+1
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m ~ 1 
Na+

& h ~ 0

activation gates

inactivation gate

Q: Can ions pass?

So, when neuron is depolarized ... (open)  (closed)

m3

3 gates ...
h 1 gate ...



Modeling the voltage: Na+ gating variables

Na� ‘fast transient’ sodium current

• includes three activating gates, one inactivating gate (cartoon picture):

• gNa = ḡNa p

• p = where m = activating gating variable

h = inactivating gating variable

• di�erential equations for m(t) and h(t) are decay-type:

steady state values for Na time constants for Na.

−100 mV 0mV +40 mV

0

0.5

1 m
∞
(V)

h
∞
(V)

−100 mV 0mV +40 mV

0

10 ms

τm(V)

τh(V)

comments:

• m is activating because m⇥ ⇤ 0 at small V

m⇥ ⇤ 1 at large V

• h is inactivating because h⇥ ⇤ 1 at small V

h⇥ ⇤ 0 at large V

• again, much of the details is just data fitting

m⇥(V ) =
�m(V )

�m(V ) + ⇥m(V )
, ⇤m(V ) =

1

�m(V ) + ⇥m(V )

�m(V ) = 2.5�0.1(V+65)
e2.5�0.1(V +65)�1

, ⇥m(V ) = 4e(�V�65)/18

h⇥(V ) =
�h(V )

�h(V ) + ⇥h(V )
, ⇤h(V ) =

1

�h(V ) + ⇥h(V )

�h(V ) = 0.07e(�V�65)/20 , ⇥h(V ) = 1
e3�0.1(V +65)+1
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m ~ 0
Na+

& h ~ 1

activation gates

inactivation gate

So, when neuron is hyperpolarized ... (closed)  (open)

Q: Can ions pass?



Modeling the voltage: Na+ variable conductances

Q:  How do Na+ ions get through channel? 

A:  Timescales matter.

Na� ‘fast transient’ sodium current

• includes three activating gates, one inactivating gate (cartoon picture):

• gNa = ḡNa p

• p = where m = activating gating variable

h = inactivating gating variable

• di�erential equations for m(t) and h(t) are decay-type:

steady state values for Na time constants for Na.
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0

0.5

1 m
∞
(V)

h
∞
(V)

−100 mV 0mV +40 mV

0

10 ms

τm(V)

τh(V)

comments:

• m is activating because m⇥ ⇤ 0 at small V

m⇥ ⇤ 1 at large V

• h is inactivating because h⇥ ⇤ 1 at small V

h⇥ ⇤ 0 at large V

• again, much of the details is just data fitting

m⇥(V ) =
�m(V )

�m(V ) + ⇥m(V )
, ⇤m(V ) =

1

�m(V ) + ⇥m(V )

�m(V ) = 2.5�0.1(V+65)
e2.5�0.1(V +65)�1

, ⇥m(V ) = 4e(�V�65)/18

h⇥(V ) =
�h(V )

�h(V ) + ⇥h(V )
, ⇤h(V ) =

1

�h(V ) + ⇥h(V )

�h(V ) = 0.07e(�V�65)/20 , ⇥h(V ) = 1
e3�0.1(V +65)+1

NE204, Spring 2015, v 2.2 page 22

Note: Compared to the inactivation gate (h), the activation gate (m) is ...

We’ll examine implications in simulation ... much faster



Summary
Put it all together:

IL

VL

Input current: 

Vin = V

Vout = 0

§III(d) The HH model

The equivalent circuit:

Analysis:

• define V = membrane potential

• (junction) Iinput =

• (capacitor)

• channels IK =

INa =

IL =

combine:

C
dV

dt
= Iinput(t)� ḡKn

4(V � VK)� ḡNam
3h(V � VNa)� ḡL(V � VL)

dn

dt
= �n� n⇤(V )

�n(V )
dm

dt
= �m�m⇤(V )

�m(V )
dh

dt
= �h� h⇤(V )

�h(V )

looks intimidating, but each piece now makes sense...
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Input current: I

I = IK + INa + IL + Icap

Icap

Icap = C dV/dt

IK  =             (V - VK) gK * n4
potassium current

INa  =                    (V - VNa) gNa * m3 h
sodium current

IL  = gL (V - VL)
leak current

VK

IK

VNa

INa

solve for 
dV/dt ...



Model: Hodgkin-Huxley equations

1-page summary of the HH model:
The Hodgkin-Huxley model of a neuron consists of a system of four coupled first-order di�erential equations.
The four dependent variables are (V , n, m, h); these are, in order, the membrane potential, a gating variable
for the potassium channel, and two gating variables for the sodium channel. Set V = 0 outside the cell
(though Hodgkin and Huxley adopted a di�erent voltage convention) and the di�erential equations take the
form:

C
dV

dt
= Iinput(t)� ḡKn

4(V � VK)� ḡNam
3h(V � VNa)� ḡL(V � VL) (1)

dn

dt
= �n� n1(V )

⌧n(V )
(2)

dm

dt
= �m�m1(V )

⌧m(V )
(3)

dh

dt
= �h� h1(V )

⌧h(V )
, (4)

where the externally applied current Iinput(t) is a prescribed function. Typical values of the parameters are:

Nernst potentials: VK = �77mV , VNa = +60mV , VL = �54.4mV

maximum conductances: ḡK = 36µmho , ḡNa = 120µmho , ḡL = 0.3µmho ,

and C = 1 nF (based on a neuron with 0.1mm2 area). The nonlinear functions µ1(V ), ⌧µ(V ) — where
µ = n,m, h — are plotted in Figure 1, and are based on experimental measurements. Often, the di�erential
equations (2)–(4) for the gating variables are written instead in the form:

dµ

dt
= ↵µ(V )

�
1� µ

�
� �µ(V )µ whereµ = n,m, h .

The V -dependent functions are related by:

µ1(V ) =
↵µ(V )

↵µ(V ) + �µ(V )
, ⌧µ(V ) =

1

↵µ(V ) + �µ(V )
for µ = n,m, h .

A typical choice of the ↵µ(V ) and �µ(V ) functions, again based on fitting data, is:

↵n(V ) =
0.1� 0.01(V + 65)

e1�0.1(V+65) � 1
↵m(V ) =

2.5� 0.1(V + 65)

e2.5�0.1(V+65) � 1
↵h(V ) = 0.07e(�V�65)/20

�n(V ) = 0.125e(�V�65)/80 �m(V ) = 4e(�V�65)/18 �h(V ) =
1

e3�0.1(V+65) + 1

where ↵µ and �µ are measured in ms�1, and V in mV. Note that one must always be careful to use ↵µ(V )
and �µ(V ) functions that are consistent with the voltage convention.

−100 mV 0mV +40 mV

0

0.5

1

n
∞
(V)

m
∞
(V)

h
∞
(V)

−100 mV 0mV +40 mV

0

10 ms

τn(V)
τm(V)

τh(V)

Figure 1: Plots of the functions µ�(V ) and ⇥µ, where µ = n,m, h.

NE204, Spring 2015, v 2.2 page 27

1-page summary of the HH model:
The Hodgkin-Huxley model of a neuron consists of a system of four coupled first-order di�erential equations.
The four dependent variables are (V , n, m, h); these are, in order, the membrane potential, a gating variable
for the potassium channel, and two gating variables for the sodium channel. Set V = 0 outside the cell
(though Hodgkin and Huxley adopted a di�erent voltage convention) and the di�erential equations take the
form:

C
dV

dt
= Iinput(t)� ḡKn
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gate dynamics

steady state functions & time constants

where

voltage dynamics

IK INa  IL



Arguably, the most important computational model in neuroscience. 
– Nobel prize, 1963

The basis for more complex models ...

CkdVk /dt ! ¥m"m,k!Vm # Vk" # Iionic,k (1)

In Eq. 1, Ck is the capacitance of compartment k and Vk the trans-

membrane voltage. The sum is taken over all compartments m that are
connected to compartment k. "m,k is the conductance (internal) be-
tween the respective compartments (with the assumption that the
extracellular space is isopotential). Iionic,k is the transmembrane ionic
current for compartment k: one must be careful about the sign of this
term, as inward currents (which depolarize the membrane) are, by
convention, negative. For the membrane potential to increase during
an inward current, we need the minus sign before Iionic,k.
Iionic,k is in turn the sum of synaptic terms and “intrinsic membrane”

terms. If, for the sake of simplicity, we now drop the compartment
subscript k, the synaptic terms will be

gAMPAV $ gGABA!A"!V $ 81" (2)

In Eq. 2, gAMPA is the (time-dependent) %-amino-3-hydroxy-5-
methyl-4-isoxazolepropionic acid (AMPA) receptor conductance,
which has a reversal potential of 0 mV, and gGABA(A) is the (time-
dependent) "-aminobutyric acid-A (GABAA) receptor conductance,
with #81-mV reversal potential. Other types of synaptic conductance
were not simulated.
The intrinsic membrane terms were the various ionic conductances,

which we now list along with shorthand notation used (in subscripts)
for distinguishing the conductances from each other. As usual, “g ”
stands for “conductance,” and we continue to drop the compartment-
designating subscript k. After each conductance type, we list a refer-
ence that defines the kinetics, at least partially, along with comments.
In some cases, we carried over the formalism used in a previous
model, because kinetic data are either lacking or else appear too
complex for use in our model. Further details are listed in the APPEN-
DIX. The conductances are as follows.
1) Leak, gL. We do not here distinguish between Na

$ and K$

components.
2) Transient (inactivating) Na$, gNa(F) (“F” for “fast”). Kinetic

data at 22–24°C are in Martina and Jonas (1997). We sped up the
kinetics twofold and shifted the rate functions 3.5 mV. To reduce the
number of parameters, we chose to use the same kinetics for gNa(F) in
the axon and soma/dendrites. This, in turn, necessitated using suffi-
ciently large axonal gNa(F) density, so that repetitive firing and anti-
dromic spikes could occur; a similar requirement has been noted by
other authors, especially when soma/dendritic gNa(F) density is limited
(e.g., Mainen et al. 1995).
3) Persistent (noninactivating) Na$, gNa(P) (“P” for “persistent”)

(Mittman et al. 1997). Activation is similar to gNa(F) but at a lower
voltage threshold (French et al. 1990; Kay et al. 1998). Modeling
(Wang 1999) and experimental data have suggested a role of this
conductance in fast rhythmic bursting and also subthreshold oscilla-
tions (Brumberg et al. 2000; Llinás et al. 1991; Nishimura et al. 2001),
although fast oscillations occur in thalamic relay neurons without this
current but depending on P/Q calcium current(s) (Pedroarena and
Llinás 1997).
4) Delayed rectifier K$, gK(DR). Partial kinetic data at 20–24°C are

in Martina et al. (1998). We took this conductance to be noninacti-
vating.
5) Transient inactivating K$, gK(A). We used thalamocortical relay

cell data (room temperature) of Huguenard and McCormick (1992),
speeding up the time constants twofold.
6) A slowly activating and inactivating K$ conductance, gK2.

Kinetics were taken from Huguenard and McCormick (1992) with a
twofold speed-up of time constants.
7) A muscarinic receptor-suppressed K$ conductance, gK(M). Ki-

netics were as in previous publications, e.g., Bibbig et al. (2001).
8) A fast voltage- and [Ca2$]i-dependent K

$ conductance, gK(C).
The formalism is the same as used in Traub et al. (1994), with the
conductance at each time proportional to a voltage-dependent

Hodgkin-Huxley-like term and also to a [Ca2$]i-dependent term,

%(&). [Here, & is [Ca2$]i in the respective compartment, in arbitrary
units, and %(&) & min (0.004 ' &, 1.0).] The kinetics of this con-
ductance were different, however, than in previous publications.

9) A slow [Ca2$]i-dependent K
$ conductance, gK(AHP) (“AHP”

for “afterhyperpolarization”). Again, the formalism was as in Traub et
al. (1994), although with different kinetics.

10) A low-threshold inactivating Ca2$ conductance, gCa(T) (“T”
for “transient”). Kinetics were taken from thalamocortical relay cell

data (Huguenard and McCormick 1992), with threefold speed-up of

the time constants, and using a Hodgkin-Huxley formalism rather than

the constant field equation.
11) A high-threshold noninactivating Ca2$ conductance, gCa(H)

(“H” for “high”). Kinetics derive from Kay and Wong (1987) and are
similar to previous studies (Traub et al. 1994), except for a shift of rate
functions on the voltage axis. The density of this conductance is
constrained by the necessity of evoking dendritic Ca2$ spikes with
local current injection (Fig. 2).
12) “h” conductance (hyperpolarization-activated), gAR (“AR” for

“anomalous rectifier”). Kinetics were taken from Huguenard and
McCormick’s (1992) data, obtained at 35.5°C.
In each compartment and at each time, a particular species of

conductance will assume a value that is proportional to “g ” (the “total
conductance” in that compartment) and also is proportional to a
product of Hodgkin-Huxley variables: mihj, where 0 ' m, h ' 1,
where i is a positive integer, and where j is either 0 (for a noninac-
tivating conductance) or else is 1 (for an inactivating conductance). m
is called the activation variable, and h is called the inactivation
variable.
We can now write down the sum of the intrinsic membrane terms

that, in each compartment, contribute to Iionic in Eq. 1. By way of
notation, “ĝ ” denotes the total conductance (of the subscript-desig-
nated conductance species) in the respective compartment. The intrin-
sic membrane current is then

FIG. 2. Simulation of dendritic Na$ and Ca2$ spikes in response to den-
dritic current pulse. Response of model neuron to depolarizing current pulses,
injected into apical dendrite (compartment just proximal to the terminal
branches); there is a 50-M( (20 nS) shunt at the injection site. A 1.5-nA pulse
(left) induces a large calcium spike in the dendrite, generating a burst of fast
spikes in the soma; this is followed by a series of somatic spikes that
backpropagate (as seen on expanded traces, not shown) to the dendritic site. A
2.5-nA pulse (right) induces short trains of small fast dendritic spikes (back-
propagated from full somatic spikes), interspersed with broader calcium
spikes, possessing superimposed small fast spikes (inset). Persistent gNa
blocked (DNa(P) & 0); DK(C) & 1.6.
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ĝL!V ! 70" # [ĝNa!F"mNa!F"
3

hNa!F" ! ĝNa!P"mNa!P"]!V " 50"

# $ĝK!DR"mK!DR"
4 ! ĝK!A"mK!A"

4
hK!A" ! ĝK2mK2hK2 ! ĝK!M"mK!M"

# ĝK!C"mK!C"%!#" ! ĝK!AHP"mK!AHP"]!V! 95"

! $ĝCa!T"mCa!T"
2

hCa!T" ! ĝCa!H"mCa!H"
2 &!V " 125" ! ĝARmAR!V ! 35" (3)

The evolution of the m and h variables follows the Hodgkin-Huxley
first-order differential equations

dm/dt $ %m!1" m" " &mm; dh/dt $ %h!1" h" " &hh (4)

Here, %m, &m, %h, and &h are predefined functions of membrane
potential, or—in the case of the AHP conductance—of # ' [Ca2#]i;
the units are ms(1. The dynamics defined this way mean that, if
voltage is fixed, the m and h variables relax toward steady-state
values, m) and h), with respective time constants 'm and 'h. The rate
functions and the steady-state values/time constants are interchange-
able through the easily derived relations m) ' %m/(%m # &m), and 'm
' 1/(%m # &m), similar relations holding for the h variables. Thus
specification of the rate functions, or of the steady-values and time
constants, are equivalent. This information is provided in the APPEN-
DIX. Axonal and soma/dendritic conductances were assumed to pos-
sess the same kinetics.
Calcium dynamics are defined by the same simple scheme, with

first-order kinetics, used previously (Traub et al. 1994). Calcium
current across the membrane in each cylindrical compartment is
assumed to elevate [Ca2#]i in a thin cylindrical shell. Calcium con-
centration, #, in this shell is a signal used, in part, for gating the two
calcium-dependent K conductances. # declines exponentially with a
fixed time constant. Thus in each compartment

d#/dt $ " BICa " #/'Ca (5)

'Ca was taken as 20 ms in dendrites (Sabatini et al. 2002) and 50 ms
in the soma. B is time-independent but depends on the area of the
compartment. Because the thickness of the calcium-shell was assumed
to be the same for each compartment, the B value for each com-
partment will vary inversely with the surface area of the compart-
ment. Units of # are arbitrary. In some simulations, a “ceiling”
value of # was imposed, a very rough approximation to the effects
of buffering [Ca2#]i.

MAIN PARAMETERS VARIED, AND THEIR NOTATION. Preliminary
simulations were run, with stimulation of the model neuron via current
pulses or antidromic stimulation (using a 0.4-nA, 0.8-ms depolarizing
pulse delivered to a distal axonal compartment). Current pulses were
also delivered to soma and to various compartments in the dendrites,
sometimes in the presence of an additional leak conductance at the
stimulated site. Minor adjustments to the rate functions were tested,
but mainly we wished to find values of the conductance densities that
would produce somatic action potentials capable of “back-propagat-
ing” to the dendrites and also that would produce dendritic calcium
spikes. Needless to say, the resulting distribution of conductance
densities is not unique. The conductance densities used in this paper
are given in the APPENDIX. Note that the density of gNa(F) on the soma
and proximal dendrites in this model is much higher than its density
in the remaining parts of the dendrites, a situation in contrast to some
models (e.g., Mainen et al. 1995); with a maximum density of 400
mS/cm2 for gNa(F) in the axon (enough to make our model axon
extremely excitable), increased perisomatic gNa(F) densities were re-
quired for a somatic spike to develop.
Two parameters which were extensively investigated were the

relative densities of the persistent sodium conductance, and of the C
type of K conductance. The notation we use for expressing the
conductance densities in a particular simulation is this: the “standard
values” of these conductances densities are given in the APPENDIX. In
each simulation, there is a scaling factor for gNa(P) density and for

gK(C) density, which multiplies the standard values. The scaling
factors are called, respectively, DNa(P) and DK(C).

INTEGRATION METHOD. A second-order Taylor series (explicit)
method was used, as in previous publications (e.g., Traub et al. 1994).
The integration time step, dt, was 0.004 ms.

COMPUTING ENGINE. Programs were written in FORTRAN, and
simulations were either run on a single “wide node” (equivalent to a
UNIX workstation) of an IBM SP2 parallel computer or else 12
different simulations (each with a distinct value of some parameter)
were run simultaneously on the 12 nodes of the parallel machine.

Experimental methods

Slices (450-(m-thick) of temporal cortex were obtained from arti-
ficial cerebrospinal fluid (ACSF) perfused brains of adult male Wistar
rats, anesthetized with isoflurane followed by ketamine/xylazine in-
jection. The animal was perfused once all pain reflexes had disap-
peared. Slices were maintained in an interface chamber and perfused
with artificial cerebrospinal fluid containing the following (in mM):
133 NaCl, 18 NaHCO3, 3 KCl, 1.25 NaH2PO4, 10 D-glucose, 1
MgCl2, 1.7 CaCl2, equilibrated with 95% O2-5% CO2, pH 7.2 at
35°C. Sharp electrode recordings were taken from layer 2/3 pyramidal
neurons at the level of soma or apical dendrite.

SHARP ELECTRODE RECORDINGS. Membrane potential recordings
were obtained from 36 layer 2/3 pyramidal cell somata, 4 fast-spiking
(presumed interneuronal) neurons, and 12 presumed dendrites (iden-
tified by their characteristic attenuated fast spikes, lack of fast spike
AHP, and easy induction of broad bursts of spikes on depolarization).
Microelectrodes (resistance 30–90 M*) were filled with 1.5 M po-
tassium acetate or potassium methysulfate alone or in conjunction
with 0.3 mM of the calcium-chelating agent BAPTA (Sigma, UK).
Somatic recordings were examined for evidence of rhythmic bursting
activity after long (+10 s) periods of tonic depolarizing current
injection (0.5–1.0 nA) (see Brumberg et al. 2000); fast rhythmic
bursting was not observed without this depolarization, during exper-
iments with BAPTA. With BAPTA-filled sharp electrode recordings,
somatic resting membrane potential (RMP) was (68 , 4 mV, and
somatic input resistance was 45 , 5 M*. For presumed dendrites,
RMP was (60 , 8 mV and input resistance was 62 , 4 M*.
Pharmacological manipulation of rhythmic bursting activity was

achieved by inclusion, into the extracellular perfusion solution, of the
NO source S-nitroso-N-acetylpenicillamine (SNAP) (100 (M, Tocris,
UK), to enhance gNa(P) (Hammarstrom and Gage 1999). Phenytoin
(120 (M, Sigma) was used to block gNa(P) (Brumberg et al. 2000).
Iberiotoxin (IbTx, 50–100 nM, Sigma) was used to block gK(C)
(Galvez et al. 1990; Harvey et al. 1995). SNAP effects were manifest
over a range of initial incubation times (30 min to 2 h); all data
presented were taken after 2-h incubation, for consistency. IbTx
effects were seen after 30 min in all cases and lasted for)5 h. In each
case, ionotropic glutamate receptor-mediated EPSPs were blocked
throughout the experiments, using D(-)-2-amino-5-phophonopen-
tanoic acid, 50 (M (D-AP5) and 2,3,dioxo-6-nitro-1,2,3,4-tetrahydro-
benzo[f]quinoxaline-7-sulfonamide (NBQX, 20 (M), both from Toc-
ris. No prior depolarization steps were required to see rhythmic
bursting using either SNAP or IbTx (in contrast to BAPTA).

R E S U L T S

NA# AND CA2# ELECTROGENESIS IN RESPONSE TO DENDRITIC

DEPOLARIZATION. Injections of depolarizing current pulses
into an apical dendrite of the model evoke either trains of
small, fast Na# action potentials (Fig. 2, left) or else small, fast
action potentials that are intermixed with (and superimposed
on) slower high-threshold Ca2#-mediated action potentials
(Fig. 2, right). Both of these patterns resemble patterns re-

912 R. D. TRAUB, E. H. BUHL, T. GLOVELI, AND M. A. WHITTINGTON

J Neurophysiol • VOL 89 • FEBRUARY 2003 • www.jn.org

enhanced by persistent Na! conductance, thereby promoting
FRB; this idea had previously been incorporated into a two-
compartment model of Wang (1999), in which persistent gNa
was located in the dendritic compartment and a fast spike-
generating mechanism in the somatic compartment. Interest-
ingly, Brumberg et al. (2000) noted that when rhythmic spiking
was converted to fast rhythmic bursting, by prolonged intra-
cellular current injection, the width of action potentials in-
creased, and the maximal rate of fall of the action potentials
decreased—as if a K! current might have been reduced; these
authors did not, however, explore which K! current could be
involved.
The in vitro study of Nishimura et al. (2001) likewise

showed that the spike ADP in layer III sensorimotor cortical
neurons is not blocked by gCa reduction, that the ADP is
enhanced by intracellular calcium chelation, and that the ADP
is Na!-dependent. Furthermore, replacing extracellular Ca2!

with Mn2! could convert a rhythmic firing pattern to an FRB-
like pattern. Friedman and Gutnick (1989) had previously
shown that intracellular 1,2-bis(2-aminophenoxy)ethane-
N,N,N",N"-tetraacetic acid (BAPTA), in neocortical neurons,
enhanced spike ADPs and could induce bursting that was
sometimes rhythmic.
Here, we build on these previous results. We construct a

detailed model of a layer 2/3 pyramidal neuron that, as a form
of calibration, replicates recordings of dendritic fast and slow
Ca2!-dependent spikes, under conditions of steady dendritic
depolarization. It was discovered (serendipitously) that the
model would generate fast rhythmic bursting under either of
two conditions, which could occur exclusively or in combina-
tion: 1) when persistent Na! conductance is increased (as
shown previously by others, as noted above); or 2) when a fast
voltage- and [Ca2!]-dependent conductance, gK(C), is reduced.
The model also suggests that the spike ADP can result in part
from decremental antidromic conduction of an axonal spike,
suggesting another means by which a Na! conductance could
influence FRB, without necessarily involving a persistent Na!

conductance. Experiments in rat neocortical slices show that a
number of manipulations can convert rhythmic spiking to FRB
(although at frequencies below 30 Hz, in our experimental
conditions); such manipulations include the previously known
(from other preparations) buffering of intracellular [Ca2!], and
enhancing persistent Na! conductance. In addition, FRB could
be evoked by blocking BK channels (that are presumed to
mediate gK(C)), even independently of any enhancement of
persistent Na! conductance. The data suggest that at least
some of the spikes in each burst could originate in the axon
distal to the initial segment. We further suggest that both
Na!-dependent axonal excitability and also reduction of gK(C)
are important in FRB.

M E T H O D S

Simulation methods

The formal approach to simulating the layer 2/3 cortical pyramidal
neuron was similar to that used to simulate a CA3 hippocampal
pyramidal cell (Traub et al. 1994), but most of the details—in cell
geometry and passive and active parameters—were different. In this
study, voltages “V ” are transmembrane potentials, in contradistinc-
tion to earlier studies (e.g., Traub and Miles 1995; Traub et al. 1994)
in which “V ” signified “voltage relative to resting potential.”

OVERALL MODEL STRUCTURE. Model structure was qualitatively
based on a drawing in Major (1992), his Fig. 3.14, but with a limited
number of compartments and much greater symmetry than in the real
neuron. The model (Fig. 1) has eight equivalent basal dendrites, four
equivalent apical obliques, an apical shaft, and equivalent superficial
apical branches. There are 68 soma-dendritic compartments and 6
axonal compartments. The most proximal basal and oblique compart-
ments, along with the two perisomatic apical shaft compartments, are
called “proximal dendrites”; the outer 24 superficial apical compart-
ments are called “distal dendrites.”

GEOMETRICAL PARAMETERS. The soma was a cylinder with a
length of 15 !m and radius of 8 !m. All dendritic compartments had
a length of 50 !m. The radius of basal and oblique dendrites was 0.5
!m. The radius of the apical shaft was 4 !m, tapering to 2 !m, while
distal apical branches had a radius of 0.8 !m. The surface area of each
dendritic compartment was taken to be 4"rl (r # radius, l # length),
rather than 2"rl, to allow for the contribution of spines to area. Total
surface area of the soma/dendrites was 35,940 !m2. The most prox-
imal axonal compartment had a length of 25 !m and a radius of 0.9
!m. The other axonal compartments had a length of 50 !m, and a
radius starting at 0.7 !m, tapering to 0.5 !m.

PASSIVE PARAMETERS. Membrane capacitance Cm was 0.9 !F/cm2;
membrane resistivity Rm was 50,000 $-cm2 for soma-dendrites and
1,000 $-cm2 for the axon, and internal resistivity Ri was 250 $-cm
for soma-dendrites and 100 $-cm for the axon. Rinput measured at the
soma, with all active currents blocked, was 69.4 M$.

DYNAMICS OF VOLTAGE AND [CA2!] BEHAVIOR. The equations
describing dynamics are standard and are here summarized briefly. As
units, we shall use mV, ms, nF, !S, nA. First, the discrete version of
the cable equation—an approximation to the original partial differen-
tial cable equation—describes the evolution of voltage in each com-
partment k

FIG. 1. Compartmental structure of model layer 2/3 pyramidal neuron.
There are 68 soma-dendritic compartments, with 8 basal dendrites and 4 apical
oblique dendrites. The axon contains 6 compartments.
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