
Instructor: Mark Kramer

Hopfield model (Part 2)



Remember ...
Consider

mean ≈ 0 when S & 𝜉 are random (i.e., different patterns)

mean > 0 when S & 𝜉 are similar (i.e., nearby patterns)

pseudoorthogonality

S𝑖 = sign ෍

j ≠ i

𝜉𝑖𝜉𝑗S𝑗 What is this?= sign 𝜉𝑖 ෍

j ≠ i

𝜉𝑗S𝑗

Conclusions

≈ 𝜉 ⋅ 𝑆



Today
Store and retrieve memories in the Hopfield model



Model system
Consider neuron 𝑖

S𝑖  = {
-1  if neuron is “not firing”

+1  if neuron is “firing at maximum rate”

Use S = 2 V −  1

S𝑖 = sign ෍

j ≠ i

𝑇𝑖𝑗S𝑗

Dynamics
where we choose at random a 
neuron 𝑖  to update at each moment



Model system
Consider neuron 𝑖

𝑇𝑖𝑗 = connection to neuron 𝑖 from neuron 𝑗

= 0 if not connected

Note: reciprocal connections are allowed

Q: What is 𝑇𝑖𝑗?

Use S = 2 V −  1

where 𝑇𝑖𝑖 = 0To store pattern 𝜉:  use 𝑇𝑖𝑗 = 𝜉𝑖𝜉𝑗

S𝑖 = sign ෍

j ≠ i

𝑇𝑖𝑗S𝑗



Matrix
We need to compute 

S𝑖 = sign ෍

j ≠ i

𝑇𝑖𝑗S𝑗

matrix

vector

More linear algebra ...



Matrix
A rectangular array of numbers

in Python



Matrix
A matrix can be 

W W



Matrix
A rectangular array of numbers



Matrix multiplication



Matrix multiplication
A rectangular array of numbers

row 𝑖

𝑇 Sall 𝑗

Si =

S𝑖 = sign ෍

j ≠ i

𝑇𝑖𝑗S𝑗

multiply



Matrix-vector multiplication



Matrix-vector multiplication (by hand)



Matrix-vector multiplication



Information storage

Store the patterns in 𝑇𝑖𝑗

“The stored state would always be stable under our processing algorithm”

Let’s try it.

S𝑖 = sign ෍

j ≠ i

𝑇𝑖𝑗S𝑗

where 𝑇𝑖𝑖 = 0To store pattern 𝜉:  use 𝑇𝑖𝑗 = 𝜉𝑖𝜉𝑗

Linear Algebra: Matrices

Hopfield: Find the pattern
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