Recurrent Neural Networks

Instructor: Mark Kramer

Parts motivated from Schmidt, Recurrent Neural Networks (RNNs): A gentle Introduction and Overview, 2019



Goal

Describe and simulate a recurrent neural network (RNN)



Models so far

Perceptron . L .
P binary activation function

' output =1 for x>0

Feedforward networks

Hopfield

Vi_"l if E

Vi—>0 Vi <U

No self-connections



Recurrent Neural Network intuition

... pass information back to itself.

Perceptron Recurrent Neural Network (RNN)

Hopfield

Q_@ Incorporate previous activity
— of the neuron




When is this useful?

)

Sequences of data “We will, we will, rock

YWhat IS this word?

Useful to look back at the previous word(s)

60

50

. ..,,/47 — Useful to look back at the previous time(s)

30

20

J What happens next?
—90_20-10 g

30 —30




What is the RNN model?

Let’s start simple: consider the dynamics of a single neuron

he =w hy_q

Q: What does this system do?




RNN dynamics (simplified)

hy =w hy_4
Q: What does this system do?
hi = w hy
h, = w hy = w(why) = w?h,
hy; =wh, = w(w?hy) = w3h,

h, = wth .
t 0 so, given hy and w, we can compute h;



RNN dynamics (simplified)

Ex: Given hy = 0.1 andw = 2, whatis h{(? hio = 219 0.1
Q. In the distant future what happens to h? h, = wthy
Casel1.1<w Then wt=> o ast>w So, hy explodes
Note, activation function protects against this.
Case2.w=1 Thenw'=> 1last>ow So, hy does not change
Case3.0<w<1 Thenw'> 0 ast> So, h;y disappears

Case4.w<0 Then w'=> + astis even or odd So, h; “flickers”




RNN dynamics (simplified)

Q. In the distant future what happens to h.? h, = wthy
Casel.1<w So, h;y explodes
Case2.w=1 So, hy atequilibrium

Case3.0<w<1 So, h; disappears

Case4.w<0 So, h; “flickers”




What is the RNN model?

Initially, dynamics of a single node

Q. What about a network of these nodes, with input & output?

Back to matrices & vectors. ...



Remember Feedforward

To build intuition, let’s return to a previous model

input  hidden output

Q—»@—»@—» {0,1} for example

Activity inthe hidden layer = = » nput; w; + 0

(/



Remember Feedforward

Now, a more complicated model




Remember Feedforward

More complicated model

input hidden
layer layer
hl —
hz —_
I3 h —
3 h3 —
Activity in each nodeT ‘
Output of each node Program this ...

Weights



Remember Feedforward

A more complicated model

input hidden output
layer layer layer

Q: What if you had N=100 neurons per layer?



Remember Feedforward

More complicated model

hy = Wi nli + Wips 1 In + Wiz, pq I3

hy =Wiisnali + Win o I + Wiz po I3

hs =wiisn3ly + Wips sl +wizo s s

Q: What does this look like?




Remember Feedforward

New notation

Output o

T Who

Hidden Layer h

Feedforward Neural Network




Remember Feedforward

START HERE
More complicated model 1
input hidden output Set| =[ 3 ]
layer layer layer -3
1 2 3
7 8 9

1 1 1
Wh0= _2 _2 _2

3 3 3




Remember Feedforward

What if the input layer has two neurons and the hidden layer has 10 neurons?

—

h

~J

What is the shape of Wixn ?




Now, back to RNN



RRN vs Feedforward

Q. What is different?

Output 3 Output 6; @
T Who Who T |
Hidden Layer ﬁ Hidden Layer ?l ¢
t < Wi
bowa, wa 44
Input 7 INPUt ¥}
Feedforward Neural Network Recurrent Neural Network

Consider activity in the hidden layer ﬁt



RRN hidden layer activity

Output 3 Output g,
T Wio H Wi HtT |
: 7 Hidden Layer K
Hidden Layer j yer hy W
T Wi, W T T
Input 7 Input 7,
Feedforward Neural Network Recurrent Neural Network
- - - — — - - - - N —
? = Wihi"' Iih H = ¢(h) ’it = Wih{t HWhnhe-1hbn Hp = ¢(h)
activity input bias activation function activityat inputat activity at bias activation function

time t time t time t-1



RRN output layer activity

Output g5

T Wio

Hidden Layer R

1‘ Wi,

Input 7

Feedforward Neural Network

Output g,

Wko T |

Hidden Layer flt

Wo o 44

Input 7,

Recurrent Neural Network



RRN model

Output g, at —
Who ﬁtT |
Hidden Layer f{t W, ﬁt = Wihft + Whhﬁt—1 + Bh
Wn T T ﬁt - qb(ﬁt)

Input 7,

Recurrent Neural Network




RNN additional notes

h; recursively includes h;_; & this process occurs for every time step
-> the RNN includes influence of all preceding hidden states h;_; to h,.

To train a RNN = backpropagation through time (BPTT)

Long short-term memory (LSTM) — —
— a type of RNN with more components




RNN Summary

An RNN passes information back to itself. W
The activity in an RNN depends on its past activity.
RNN dynamics are relatively “simple” ht — W ht—l

... but collections of RNNs can be much more complicated (LSTM).



What about rhythms?
~ 40 Hz

50 ms

Q. Isn’t this course about rhythms?

Biological brains generate rhythms _
[Fernandez-Ruiz et al., Neuron, 2023]

None of the models considered so far can generate a rhythm (on its own).

These models are the fundamental elements of allmodern LLMs.

But a small modification can support rhythms ...



Rhythmic RNN

Consider this updated equation

hy =wqy heeqy + Wy Ay

| |

Activity at Activity at
timet —1 timet — 2

Activity now

Q. What does this do?



Rhythmic RNN

Consider this updated equation

hy =wy he_q + Wy hyoy

Equivalent to a damped harmonic oscillator

x=0 [Taylor, 2005]
(equilibrium)



Rhythmic RNN

Consider this updated equation he = wy heg+wy hes

Equivalent to a damped harmonic oscillator

X4+ 28k +w°x=F

I

damping or friction spring forcing

@ = 2xf

f = natural frequency of the spring



Rhythmic RNN
X+ 20i+ w*x =F

Replace each derivative with a discrete approximation.

index: k index: k-1
| }
. dx change in x xX(now) - x(past) X1— Xje—q
X = — = = —
dt  changeintime |t(now) - t(past) A

|

A: a small step forward in time



Rhythmic RNN

%

+ 205+ w’x=F

Replace each derivative with a discrete approximation.

index: k-1
index: k l index: k-2
X — 2xk_1 -+ Xje—2
— AZ




Rhythmic RNN

X

_I_

265+ w*x = F

Replace each derivative with a discrete approximation.

Xg= 2Xp—1 + Xg—2

A2

2p

Xk~ Xk-1

A

Fw

2

Assume no forcing

}

xk=0

Collectterms....



Rhythmic RNN
X428k +w°x=F

Replace each derivative with a discrete approximation.

(1 + 2B8A + w?A®)x, — 2(1 + BA)xp_1 + Xje_y = O
¢ t t

Activity now Activity at  Activity at
timek—1 timek —2

X = 01 X1 T Uy Xp_»



Rhythmic RNN
X428k +w°x=F

Replace each derivative with a discrete approximation.

After some steps: X, = 1 Xp—-1 + Xy Xj—9

Original rhythmic RNN proposal:

hy =w;g hyqy + Wy hyeoy

. . . x=0
Equivalent to a damped harmonic oscillator (equilibrium) [Taylor, 2005]




Rhythmic RNN Summary

Original RNN hy = wq hy_q

Rhythmic RNN ht = Wy ht—l - W, ht—Z
- damped oscillator
- more like the biological brain

Q (big): Is the rhythmic RNN better?

Artificial neural networks (Perceptron, Hopfield, RNNs) do not intrinsically oscillate.

Does adding rhythms improve performance?



Rhythmic RNN in practice
Q (big): Is the rhythmic RNN better? A: Maybe?

Modified National Institute of Standards and Technology (MNIST) database of handwritten digits

1.0 1
0 OIS'JHM"NWML Accuracy
: e
/ 0.5 I IJ“ Rhythmic (n (4dF 0.759 (0.007)
ookl ““mm . > BTN o7 0.1
1.0~
2~ OO
0.0

0.715 (0.019)
0 200 400 600 - Rhythmic RNN outperforms standard RNN architectures

Time [ms]

Rhythmic RRN




Rhythmic RNN in practice

Q (big): Is the rhythmic RNN better?

P

s

WWW\‘ ///
@ ‘
. brain region

composed of
microcircuits

e
. o~

DHO node - models E/I microcircuit / column
- intrinsic feature selectivity
- any input turned into oscillation

e

stimuli: time series

A=y WYY W

HORN network

A: Maybe?

- oscillating, anisotropic medium
- vast, dynamical state space

- distributed, wave-based
processing

stimulus representation:
- transient and complex
- wave-based

- holistic

[Effenberger et al., PNAS, 2025]

MWW

i

Outperforms classic ANNs

test accuracy [%]

100

754

501

25+

# training steps

- chance

tanh
leak

- LSTM

GRU
HORN"
HORN"



Rhythmic RNN in practice

Rhythmic RNNs outperform other artificial neural networks (maybe)

Q. What rhythms?



Brain rhythms Remember ...

~ 150 Hz ~ 40 Hz
50 ms
[Buzsaki, Hippocampus, 2015] [Fernandez-Ruiz et al., Neuron, 2023]
~ 12 Hz
1s [Kramer et. al., J Neurosci, 2021]

<1Hz

~ 2 Hz

[Carracedo et. al., PNAS, 2013] [Crunelli & Hughes, Nat Neuro, 2010] | 250 pv




classes

Brain rhhytms

Different proposal for rhythm spacing:

-4 -3 -1 0 1 2 3 4 5 6
L | A A s ' A L L 1
L
<
80 Hz ! Bsnds
10-30 Hz, beta ——
10 Hz, theta e
———
© [Buzsaki & Draguhn, 2004]
L] 8 g L) L ", A L T L)
0.05 0.37 2.72 20.09 148.41

frequency (Hz)

Q: What rhythms in the RNN?

nz

50~

104

The golden mean role:
¢ = golden mean = 1.618..
ufb(1), 1fb(1) = upper, lower frequency

boundary of domain i
ufb(i)= (1.25*2*1 )

Ifb(i)= (1.25* 2 )*g

324 |

Example for a= 10 Hz
T ulb(3)= Plg = 20/1.618= 12.4 1z

16.2
12.4
u$10

Bl 7 It3)=5* 1618=8.1 He

4“6‘:;

120

S 4 3 2 1 0 -1 2 3 4 i

Brain Body
\ )

Y
Coupling

[Klimesch, 2013]

Power (normalised to modal peak)
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[Roopun et al., 2004]



Golden rhythms

= T fx = center frequency of band k

1= : : : ' | '\/ l E
' fr — ¢
- —
5 fr-1
? | o] | ’X/
i \ L W “in neocortex the ratio of adjacent

" frequency bands is approximately phi”
. ey ———eessiE . [Roopun et al., 2004]
1 10 100

Frequency (Hz)

[Roopun et al., 2004]



Golden ratio, ¢

g p The "Dlvme Proportlon

% . Its value represents divine simplicity.

2. Its definition invokes three lengths, symbolizing the Holy Trinity.

3. Its irrationality represents God's incomprehensibility.

4. Its self-similarity recalls God's omnipresence and invariability.

5. Its relation to the dodecahedron, which represents the quintessence

M. Antonio Capella erudici. recenfente:
A. Paganius Paganinus Characteri
bus elegantiflimis accuratifsi
me imprimebat.




Golden rhythms

Best example: betal (15 Hz), beta2 (25 Hz), and gamma (40 Hz)

40Hz 25 Hz >
25Hz ~ 15Hz ~ ¢

Note: 15 Hz + 25 Hz = 40 Hz LI

65ms =40 ms + 25 ms LV ‘ | “ ' ‘ ‘ ‘ ‘

Rhythm generation through period concatenation
[Roopun et al., 2008a; Roopun et al., 2008b; Kramer et al., 2008; Kramer 2022]



Golden rhythms evidence (?)
A p* ¢

160 -
140 - em e 0
g eh of eN

_ 120~ e o2 a: [Belluscio et, al., ] Neurosci, 2012]
N b: [Colgin et. al., Nature, 2009]
= 1001 o® b e.0 c: [Edwards et. al., ] Neurophysiol 2005]
o eNn d: [Fernandez-Ruiz et. al., Science, 2021]
= h g e: [Goyal et. al., Nat Comm, 2020]
s 80 - '.f ® e f: [Jiang et. al., Eur ] Neurosci, 2020]
o e ad]j g: [Kay, ] Integr Neurosci, 2003]
s 60 - h: [Lopes-Madrona et. al., eLife, 2020]

1 i: [Lopes-dos Santos et. al., Neuron, 2018]

j: [Middleton & McHugh, Nat Neuro, 2016]

k: [Roopun et, al., Front Cell Neurosci, 2008]
o] ! I: [Rosanova et. al., | Neurosci, 2009]

B
o
|
L
'@
P

20 4 o o[ m: [Scheffer-Teixeira et al., Cereb Cortex, 2012]
| n: [Zhang et. al., eLife, 2019]
0 0 0: [Zhong et. al., PNAS, 2017]
0 20 40 60 80 100 120

Frequency [Hz]



Golden rhythms evidence (?)
¢ ok

1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8
Frequency ratio



My favorite idea

Q. What is the fundamental timescale for life on earth?

A. 23 hrs, 56 min, sidereal period.

1/(23 hrs, 56 min) =1/86160s= 1.16e-5 Hz

fr+1 _

fi

¢

Multiply by ¢ (again and again) to establish



Power 7' [s] f [HZ] Power T'[s] f[HZ] Power T [s] f [HZ] Label

0 86160  1.16E-05 12 268 0.004 24 0.83 1.20 Slow 1
1 53250 1.88E-05 13 165 0.006 25 0.51 2 Delta
2 32910  3.04E-05 14 102  0.010 26 0.32 3 Delta
3 20340 4.92E-05 15 63.2 0.016 27 0.20 5 Theta
4 12571  7.96E-05 16 39.0 0.026 28 0.12 8 Alpha
5 7769  1.29E-04 17 241 0.041

6 4802  2.08E-04 18 14.9 0.067

7 2968  3.37E-04 19 9.2 0.11 Low Gamma
8 1834  5.45E-04 20 5.7 0.18 Mid Gamma
9 1133  8.82E-04 21 3.5 0.28 High Gamma
10 701 0.001 22 2.2 0.46 34 0.01 148 Ripple
11 433 0.002 23 1.3 0.74 35 0.004 239 Fast Ripples



Q: Why are brain rhythms organized in specific frequency bands?

A: The sun ...



(My favorite) hypothesis

If intelligent life were to evolve on a planet like Earth,
... In a star system like our own,
... with neural physiology like our own,

... then rhythmic bands would exist with center frequencies that
depend on the planet’s circadian cycle.



Summary

It’s fun to be a mathematician
... but, it’s important to constrain theories with real-world observations.

... do not take the previous ideas too seriously.

Q (big): Are rhythms in the biological brain advantageous?
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